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Strong submultiplicativity of the Poincare´ metric
Daniela Kraus and Oliver Roth
To David Minda on the oasion of his retirement
Abstract
We give a diret proof of an important result of Solynin whih says that the
Poinare metri is a strongly submultipliative domain funtion. This result is
then used to dene a new apaity for ompat subsets of the omplex plane C ,
whih might be alled Poinare apaity. If the ompat set K  C is onneted,
then the Poinare apaity of K is the same as the logarithmi apaity of K.
In this speial ase, the submultipliativity is well{known and an be stated
as an inequality for the normalized onformal map onto the omplement of K.
Using the onnetion between Poinare metris and universal overing maps this
inequality is extended to the muh wider lass of universal overing maps.
1 Introduction
Let 
 be an open subset of the Riemann sphere
^
C and suppose that 
 is hyperboli
i.e.,
^
C n
 ontains at least three pairwise dierent points. Then 
 arries a unique
omplete onformal Riemannian metri 


(z) jdzj with Gaussian urvature  1, the
so{alled hyperboli metri or Poinare metri of 
. That 


(z) jdzj has onstant
urvature  1 is equivalent to the fat that in loal oordinates the hyperboli density



(z) satises the nonlinear ellipti PDE
 log


(z) = 


(z)
2
: (1.1)
Only in very rare ases it is possible to give an expliit formula for the hyperboli
metri (see [1℄). It is therefore of interest to give good qualitative estimates for the
Poinare metri, see e.g. [4, 11, 26℄ and the more reent referenes [3, 5, 7, 14, 23, 24℄.
The rst aim of this paper is to give a full and diret proof of the following beautiful
sharp inequality due to Solynin [21, 22℄ whih relates the Poinare metris of two
hyperboli domains with the Poinare metri of their union and their intersetion.
Theorem 1.1
Let 

1
and 

2
be domains in
^
C suh that 

1
\ 

2
6= ;. Suppose that 

1
[ 

2
is
hyperboli. Then



1
(z)  


2
(z)



1
[

2
(z)  


1
\

2
(z)
 1 for all z 2 

1
\ 

2
: (1.2)
If equality holds for one point z 2 

1
\ 

2
, then 

1
 

2
or 

2
 

1
. In this
ase, equality holds for all points in 

1
\ 

2
.
0
Researh supported by a DFG grant (RO 3462/3{2).
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Remark 1.2
It might be worth mentioning that in general it makes no sense to speak of the value
of the density of a onformal metri at a spei point on the Riemann sphere, but
it makes sense to speak of the value of the quotient of two suh metris, see [15,
p. 57℄, so the left hand side of inequality (1.2) as the produt of two suh quotients
is indeed meaningful.
Remark 1.3
As noted above, Theorem 1.1 is due to Solynin [21, 22℄ who even obtained an extended
form of inequality (1.2) for nitely many domains instead of just two domains, see
[21, Theorem 2℄. In fat, Solynin obtained the estimate (1.2) as a orollary to a
muh more general omparison result for solutions for a ertain lass of nonlinear
ellipti PDEs. The proof we give below is somewhat similar, but more diret and the
details are dierent as we only use the lassial maximum priniple for subharmoni
funtions. In order to be able to make use of the lassial maximum priniple we rst
establish in Lemma 2.7 a preliminary nonsharp form of the inequality (1.2) whih
an be proved analogously to the lassial Ahlfors lemma [2℄. What makes the proof
of Lemma 2.7 work is the fat that it is very useful to multiply onformal metris.
This is just one of the many beautiful insights of David Minda about onformal
metris whih we have tried to learn from him. In order to treat the ases of equality
in (1.2) we proeed along the lines of David's paper [16℄ whih is onerned with the
ase of equality in Ahlfors' lemma.
As pointed out by Solynin [21, 22℄, Theorem 1.1 an be used to dene for (almost)
all ompat subsets K of a hyperboli domain 
 
^
C a \apaity" in terms of the
Poinare metris 

nK
(z) jdzj and 


(z) jdzj whih depends on the \ambient" domain

, see Remark 1.5 below for details. In the following, we propose a dierent denition
whih assigns to eah ompat subset of the omplex plane C a apaity. We slightly
abuse notation and denote by 
^
C
(z) jdzj the spherial metri on the Riemann sphere
^
C , that is, the unique onformal metri on
^
C with onstant urvature +1.
Definition 1.4
LetK be a ompat subset of C . If K ontains at least three pairwise dierent points,
then we set
pap(K) :=

^
C nK
(1)

^
C
(1)
:
If K ontains at most two dierent points, we set pap(K) := 0. We all the number
pap(K) the Poinare apaity of the ompat set K.
Note that the denition of pap(K) is meaningful sine the quotient 
^
C nK
=
^
C
has a
well{dened value at the interior point1 of
^
C nK for every ompat set K  C with
at least three pairwise dierent points.
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Remark 1.5
As noted above, Solynin's approah [21, 22℄ of relating the Poinare metri of a
domain 
 
^
C with a \apaity" of the omplement of 
 is dierent from Denition
1.4: Solynin xes a hyperboli domain 
 
^
C and a point z
0
2 
, and onsiders (the
logarithm of)
C

;z
0
(K) :=


nK
(z
0
)



(z
0
)
for ompat subsets K of 
nfz
0
g. Note that C

;z
0
(K) depends not only on K, but
also on the \ambient" domain 
 and the point z
0
whereas pap(K) only depends on
K. One of the main advantages of the denition of pap is the fat that it relates
diretly to universal overing maps in the same way as logarithmi apaity relates
to onformal maps (see Remark 1.7 below).
Theorem 1.1 immediately implies the following result.
Corollary 1.6
Let K
1
and K
2
be ompat subsets of C . Then
pap(K
1
[K
2
)  pap(K
1
\K
2
)  pap(K
1
)  pap(K
2
) :
In partiular, we have the strong subadditivity property
log pap(K
1
[K
2
)  log pap(K
1
) + log pap(K
2
)  log pap(K
1
\K
2
)
in the sense of Choquet's general theory of apaities [6℄ provided that we interpret
this inequality with are in the ase when K
1
\ K
2
ontains at most two distint
points. Therefore, the inequality of Theorem 1.1, whih in loal oordinates takes
the form



1
(z)  


2
(z)  


1
[

2
(z)  


1
\

2
(z) ;
an be viewed as a strong submultipliativity property of the Poinare metri. We
note that the analogous result for the logarithmi apaity ap(K) of a ompat set
K (see [19, Chapter 5℄), i.e.,
log ap(K
1
[K
2
)  log ap(K
1
) + log ap(K
2
)  log ap(K
1
\K
2
) (1.3)
is a well{known inequality in potential theory (see e.g. [20℄ for a proof).
Remark 1.7 (Poinare apaity by way of universal overing maps)
It is instrutive to point out an alternate way of dening the Poinare apaity based
on universal overing maps. Let D := fz 2 C : jzj < 1g denote the open unit disk,
let K  C be a ompat set with at least three pairwise dierent points, and denote
by 
K
the universal overing map from
^
C nD onto
^
C nK normalized in suh a way
that 
K
(1) =1 and

0
K
(1) := lim
z!1

K
(z)
z
> 0 :
3
Then 
K
has an expansion at 1 of the form

K
(z) = 
0
K
(1)z +
1
X
k=0
a
j
z
 j
; z 2 C nD : (1.4)
Reall that 
^
C nK
(z) jdzj and 
^
C nD
(z) jdzj are related via 
K
as follows

^
C nK
(
K
(z)) j
0
K
(z)j = 
^
C nD
(z) ; z 2
^
C nD :
Sine in loal oordinates

^
C
(z) =
2
1 + jzj
2
and 
^
C nD
(z) =
2
jzj
2
  1
;
we therefore get that
pap(K) =

^
C nK
(1)

^
C
(1)
= lim
z!1

^
C nK
(
K
(z)) j
0
K
(z)j

^
C
(
K
(z)) j
0
K
(z)j
= lim
z!1

^
C nD
(z)

^
C
(
K
(z)) j
0
K
(z)j
= lim
z!1
1
jzj
2
  1

1 + j
K
(z)j
2
j
0
K
(z)j
(1:4)
= 
0
K
(1) :
In view of this remark, Theorem 1.1 an be rephrased in the following way.
Corollary 1.8
Let K
1
and K
2
be ompat subsets of C suh that K
1
\K
2
ontains at least three
pairwise dierent points. Then
log 
0
K
1
[K
2
(1)  log 
0
K
1
(1) + log 
0
K
2
(1)  log 
0
K
1
\K
2
(1) : (1.5)
In the speial ase when K is onneted, its omplement
^
C nK is a simply onneted
domain. Hene the universal overing map 
K
is a onformal map from
^
C nD onto
^
C nK. In this ase the logarithmi apaity ap(K) an be omputed as ap(K) =

0
K
(1), see e.g. [18, Corollary 9.9℄. Combined with Remark 1.7 this leads to the
following result.
Corollary 1.9 (Poinare apaity vs. logarithmi apaity)
Let K be a ompat and onneted subset of C . Then pap(K) = ap(K).
In partiular, if K
1
, K
2
and K
1
\ K
2
are onneted ompat sets in C , then 
K
1
,

K
2
, 
K
1
\K
2
and 
K
1
[K
2
are all onformal maps. In this ase, (1.5) is a well{known
inequality for onformal maps, whih follows for instane immediately from (1.3).
Therefore, Corollary 1.8 shows that the same inequality is in fat true for the muh
wider lass of universal overing maps. Finally, we note that if
^
C nK is not simply
onneted, then in general pap(K) 6= ap(K). For instane, take a nite set K with
at least three pairwise dierent points. Then ap(K) = 0, but pap(K) > 0.
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2 Proof of Theorem 1.1
We will prove a slight extension of Theorem 1.1 by allowing open sets instead of
domains. It is learly suÆient to restrit onsideration to subsets of C . For this
purpose, we denote for an open set U  C and a point z 2 U by U(z) the onneted
omponent (i.e., the maximal open onneted subset) of U whih ontains the point
z.
Theorem 2.1
Let 

1
and 

2
be open sets in C suh that 

1
\

2
6= ; and 

1
[

2
is hyperboli.
Then



1
(z)  


2
(z)  


1
[

2
(z)  


1
\

2
(z) for all z 2 

1
\ 

2
: (2.1)
If equality holds for one point z 2 

1
\

2
, then 

1
(z)  

2
(z) or 

2
(z)  

1
(z).
In this ase, equality holds for all points in 

1
(z) \ 

2
(z).
The proof of Theorem 2.1 will oupy the rest of this paper. We rst reall the
well{known monotoniity property of the hyperboli metri.
Lemma 2.2
Let 
  C be a hyperboli open set and let U be an open subset of 
. Then



(z)  
U
(z) for every z 2 U : (2.2)
In partiular,
lim
z!



(z) = +1 for every  2 
 : (2.3)
Proof. The estimate (2.2) follows diretly from the denition of the hyperboli metri
as the maximal onformal metri with urvature  1. In order to prove (2.3) let ; 
be two dierent boundary points of 
, so 
  C nf; g. Then
lim
z!

Cnf;g
(z) = +1 ;
see e.g. [11, formula (4.1)℄. Sine 


(z)  
Cnf;g
(z) by (2.2), we dedue 


(z) !
+1 as z ! .
In order to prove Theorem 2.1, we need more preise information about the boundary
behaviour of 


than provided by Lemma 2.2. At least for smooth open sets suh
information is available with the help of a boundary version of Ahlfors' lemma [2℄
proved in [13℄.
We rst make preise what we mean by \smooth" open sets. We all a Jordan
domain G (i.e., a domain bounded by a Jordan urve in C ) smooth, if there is a
onformal map  from D onto G suh that j
0
j extends ontinuously to D with
j
0
j 6= 0 on D . By Caratheodory's extension theorem, this onformal map  extends
to a homeomorphism of the losures D and G.
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Definition 2.3
Let 
  C be an open set. A subset   of the boundary of 
 is alled smooth if
for every point  2   there exists a smooth Jordan domain G  
 and an open
neighborhood V  C of  suh that  2 G\V   . We all the open set 
 smooth,
if 
 is smooth.
Note that if an open set 
  C is bounded by nitely many analyti Jordan urves,
then 
 is smooth.
Lemma 2.4
Let 
  C be a hyperboli open set and let U be an open subset of 
. Suppose
that    U \ 
 is a smooth subset of the boundary of U as well as of the
boundary of 
. Then
lim
z!



(z)

U
(z)
= 1 for every  2   :
Proof. In view of Lemma 2.2 we have 


(z)  
U
(z) for all z 2 U , so we only need
to prove
lim inf
z!



(z)

U
(z)
 1 for every  2   : (2.4)
Sine lim
z!



(z) = +1 for every  2    
 by Lemma 2.2 and sine both metris



(z) jdzj and 
U
(z) jdzj have onstant urvature  1, we an apply the boundary
Ahlfors lemma (Theorem 5.1 in [13℄), and this gives (2.4).
It is always possible to exhaust a given hyperboli set by smooth hyperboli sets.
This is a onsequene of the following well{known result, see e.g. [25, p. 91℄.
Lemma 2.5
Let 

1
and 

2
be open sets in C suh that 

1
\

2
6= ; and 

1
[

1
is hyperboli.
Then for eah n = 1; 2; : : : there exist smooth open subsets 

1;n
of 

1
and 

2;n
of 

2
suh that
(a) 

1;n
is ompatly ontained in 

1;n+1
and 

2;n
is ompatly ontained in


2;n+1
for eah n = 1; 2; : : :;
(b)
1
S
n=1


1;n
= 

1
and
1
S
n=1


2;n
= 

2
; and
() 

1;n
\ 

2;n
6= ; for every n = 1; 2; : : :.
It is even possible to hoose the open sets 

1;n
and 

2;n
in suh a way that they
are bounded by nitely many analyti Jordan urves.
6
Lemma 2.6
Let 
  C be a hyperboli open set and for eah n = 1; 2; : : : let 

n
6= ; be an
open subset of 
 suh that 

n
 

n+1
for n = 1; 2 : : : and [
1
n=1


n
= 
. Then for
eah z 2 
, we have
lim
n!1



n
(z) = 


(z) :
Proof. The monotoniity property of the hyperboli metri shows that 


n
(z) 



n+1
(z)  


(z) for all z 2 
 and all (but nitely many) positive integers n. Hene
the limit
(z) := lim
n!1

n
(z)
exists for every z 2 
 and (z)  


(z) for any z 2 
. By a result of Heins
[9, Lemma 11.1℄, (z) jdzj is a onformal metri on 
 with onstant urvature  1.
Sine 


(z) jdzj is the maximal metri with these properties, we dedue (z) jdzj =



(z) jdzj.
Lemma 2.6 an also be dedued from the results of [10℄. We next prove Theorem 2.1
in a weak form.
Lemma 2.7
Let 

1
and 

2
be open sets in C suh that 

1
\

2
6= ; and 

1
[

2
is hyperboli.
Then



1
(z)  


2
(z) 
1
p
2
 


1
[

2
(z)  


1
\

2
(z) for all z 2 

1
\ 

2
: (2.5)
Proof. Let U
1
and U
2
be open sets in C whih are ompatly ontained in 

1
and


2
respetively suh that U
1
\ U
2
6= ;. Consider the auxiliary metri
(z) jdzj :=

U
1
(z)  
U
2
(z)

U
1
[U
2
(z)
jdzj
on U
1
\ U
2
. The urvature


(z) =  
 log (z)
(z)
2
of this metri is


(z) =  
 

U
1
[U
2
(z)

U
1
(z)
!
2
 
 

U
1
[U
2
(z)

U
2
(z)
!
2
+
 

U
1
[U
2
(z)
2

U
1
(z)  
U
2
(z)
!
2
:
Sine

U
1
[U
2
(z)  
U
j
(z) ; j = 1; 2; (2.6)
by Lemma 2.2, we dedue 

(z)   2 for all z 2 U
1
\ U
2
. Using again (2.6) and
Lemma 2.2, we also see that
lim
z!
(z) = +1 for every  2 (U
1
\ U
2
) :
7
Sine U
1
\ U
2
is ompatly ontained in 

1
\ 

2
, the ontinuous funtion 


1
\

2
:


1
\ 

2
! R is bounded on U
1
\ U
2
, so the funtion
u(z) := log
 



1
\

2
(z)
p
2  (z)
!
; z 2 U
1
\ U
2
;
has a ontinuous extension to U
1
\ U
2
whih vanishes on (U
1
\U
2
). Now we assume
that u(z) > 0 for some z 2 U
1
\U
2
. Then u attains its maximal value at some point
z
0
2 U
1
\ U
2
. This implies
0  u(z
0
) =  log


1
\

2
(z
0
)  log (z
0
)  


1
\

2
(z
0
)
2
  2(z
0
)
2
;
so 


1
\

2
(z
0
)=(
p
2  (z
0
))  1, that is, u(z
0
)  0, a ontradition. It follows that
u(z)  0 for all z 2 U
1
\ U
2
, i.e.,

U
1
(z)  
U
2
(z) 
1
p
2
 
U
1
[U
2
(z)  


1
\

2
(z) for all z 2 U
1
\ U
2
:
This inequality holds for all open sets U
1
and U
2
whih are ompatly ontained in


1
resp. 

2
. An appliation of Lemma 2.5 and Lemma 2.6 therefore ompletes the
proof of Lemma 2.7.
We are now in a position to prove the inequality of Theorem 2.1 for the ase that 

1
and 

2
are bounded by nitey many analyti ars.
Lemma 2.8
Let 

1
and 

2
be open sets in C suh that 

1
\

2
6= ; and 

1
[

2
is hyperboli.
Suppose that 

1
and 

2
onsists of nitely many analyti Jordan urves.
Then



1
(z)  


2
(z)  


1
[

2
(z)  


1
\

2
(z) for all z 2 

1
\ 

2
:
Proof. We onsider the auxiliary funtion
u(z) := log
+
 



1
\

2
(z)  


1
[

2
(z)



1
(z)  


2
(z)
!
; z 2 

1
\ 

2
:
Here, log
+
x := maxf0; logxg for every positive real number x, so by denition, u is
non{negative. We need to show u(z)  0.
(i) We rst prove that u is subharmoni on 

1
\

2
. For this purpose we note that
the monotoniity priniple of the hyperboli metri (Lemma 2.2) shows that



1
(z)  


1
[

2
(z) ; 


2
(z)  


1
[

2
(z) for all z 2 

1
\ 

2
: (2.7)
Now x a point z
0
2 

1
\ 

2
suh that u(z
0
) > 0. Then we an ompute u(z
0
)
using the urvature equation (1.1). This gives us
u(z
0
) = 


1
\

2
(z
0
)
2
+ 


1
[

2
(z
0
)
2
  (


1
(z
0
)
2
+ 


2
(z
0
)
2
)
=




1
\

2
(z
0
)  


1
[

2
(z
0
)

2
 




1
(z
0
)  


2
(z
0
)

2
 2




1
(z
0
)


2
(z
0
)  


1
\

2
(z
0
)


1
[

2
(z
0
)

:
(2.8)
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Now observe that u(z
0
) > 0 is the same as 


1
(z
0
)


2
(z
0
) 


1
\

2
(z
0
)


1
[

2
(z
0
) < 0,
so
u(z
0
) >




1
\

2
(z
0
)  


1
[

2
(z
0
)

2
 




1
(z
0
)  


2
(z
0
)

2
:
We laim that u(z
0
)  0. In fat, if u(z
0
) < 0, then




1
(z
0
)  


2
(z
0
)

2
>




1
\

2
(z
0
)  


1
[

2
(z
0
)

2
:
Sine 


1
\

2
(z
0
)  


1
[

2
(z
0
) by Lemma 2.2 and sine we may assume 


1
(z
0
) 



2
(z
0
), we get



1
(z
0
)  


2
(z
0
) > 


1
\

2
(z
0
)  


1
[

2
(z
0
) :
This however ontradits the montoniity property of the hyperboli metri, whih
in partiular says that 


1
(z
0
)  


1
\

2
(z
0
) and 


1
[

2
(z
0
)  


2
(z
0
). We have
therefore shown that u(z
0
)  0 for every z
0
2 

1
\ 

2
suh that u(z
0
) > 0. But
sine u is non{negative by denition, this easily implies that u is subharmoni on


1
\ 

2
.
(ii) We now examine the boundary behaviour of the auxiliary funtion u and x a
point  2 (

1
\ 

2
). Then  2 

1
[ 

2
. Let us onsider the ase  2 

1
n

2
.
Then we an apply Lemma 2.4, and this gives
lim
z!



1
(z)



1
\

2
(z)
= 1 : (2.9)
Hene, using the seond inequality of (2.7), we get that
lim inf
z!



1
(z)  


2
(z)



1
\

2
(z)  


1
[

2
(z)
 1 :
We have proved this inequality if  2 (

1
\

2
) belongs to 

1
n

2
. Swithing the
roles of 

1
and 

2
, we see that this estimate also holds if  2 

2
n

1
, i.e. it holds
for every  2 (

1
\ 

2
) suh that  62 

1
\ 

2
. This means that the auxiliary
funtion u has the property that
lim sup
z!
u(z) = 0 for every  2 (

1
\ 

2
)n(

1
\ 

2
) :
Sine analyti Jordan urves an only interset at nitely many points, we dedue
that
lim sup
z!
u(z) = 0 for all but nitely many  2 (

1
\ 

2
) :
(iii) Finally we note that the auxiliary funtion u is bounded above by log
p
2
(Lemma 2.7). Therefore we are in a position to apply the extended maximum
priniple for subharmoni funtions (see [19, Theorem 3.6.9℄), and this implies that
u(z)  0 for all z 2 

1
\ 

2
.
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Proof of Theorem 2.1. The estimate (2.1) of Theorem 2.1 follows immediately from
Lemma 2.8, Lemma 2.5 and Lemma 2.6, so it remains to deal with the ase of equality.
We onsider the funtion
u(z) := log
 



1
\

2
(z)  


1
[

2
(z)



1
(z)  


2
(z)
!
; z 2 

1
\ 

2
:
Note that we have already proven that u(z)  0 in 

1
\

2
. As in the proof of Lemma
2.8, we have
u(z) =




1
\

2
(z)  


1
[

2
(z)

2
 




1
(z)  


2
(z)

2
+2




1
\

2
(z)


1
[

2
(z)  


1
(z)


2
(z)

:
(2.10)
Now, Lemma 2.2 implies 


1
\

2
(z)  


j
(z)  


1
[

2
(z) for j = 1; 2, so



1
\

2
(z)  


1
[

2
(z)  j


1
(z)  


2
(z)j :
Inserting this into (2.10), we get
u(z)  2




1
\

2
(z)


1
[

2
(z)  


1
(z)


2
(z)

: (2.11)
Applying the elementary inequality
a log
b
a
 b  a for all a; b 2 R; a  b > 0
for a = 


1
(z)


2
(z) and b = 


1
\

2
(z)  


1
[

2
(z), we dedue from (2.11) that
u(z)  2


1
(z)


2
(z)  u(z) ; z 2 

1
\ 

2
:
Hene, the strong maximum priniple of Hopf (see [12, Thm 2.1.2℄) implies that in
eah onneted omponent of 

1
\

2
either u = 0 or u < 0. Therefore, if z
0
2 

1
\

2
is a point suh that equality holds in (2.1), then equality holds in (2.1) for all z in
(

1
\ 

2
)(z
0
), the omponent of 

1
\ 

2
whih ontains z
0
. In view of (2.10) this
implies




1
\

2
(z)  


1
[

2
(z)

2
=




1
(z)  


2
(z)

2
; z 2 (

1
\ 

2
)(z
0
) : (2.12)
We need to show that 

1
(z
0
)  

2
(z
0
) or 

2
(z
0
)  

1
(z
0
). This is obviously true
if (

1
\ 

2
)(z
0
) = (

1
[ 

2
)(z
0
), so we need to analyze the ase (

1
\ 

2
(z
0
) (
(

1
[ 

2
)(z
0
). Sine the hyperboli metri is stritly dereasing with expanding
domains (see [8, p. 683℄), we have 


1
\

2
> 


1
[

2
in (

1
\

2
)(z
0
) and therefore the
identity (2.12) and the ontinuity of 


1
  


2
imply that there either 


1
> 


2
or



1
< 


2
. In the rst ase, we an dedue from (2.12) that



1
\

2
(z)  


1
[

2
(z) = 


1
(z)  


2
(z) ; z 2 (

1
\ 

2
)(z
0
) : (2.13)
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This shows (

1
\ 

2
)(z
0
) = 

1
(z
0
), beause otherwise 


1
\

2
(z) > 


1
(z), i.e.,



1
[

2
(z) = 


1
\

2
(z)   


1
(z) + 


2
(z) > 


2
(z), a ontradition. Hene we get



1
\

2
(z) = 


1
(z) for every z 2 (

1
\

2
)(z
0
). Therefore, (2.13) shows 


1
[

2
= 


2
on (

1
\

2
)(z
0
), so (

1
[

2
)(z
0
) = 

2
(z
0
). Putting all this together gives 

1
(z
0
) =
(

1
\ 

2
)(z
0
) ( (

1
[ 

2
)(z
0
) = 

2
(z
0
).
Remark 2.9
The approximation tehnique by smooth open sets, whih has been used to prove
Theorem 2.1, annot be avoided entirely. This follows from the fat that if e.g. 

1
is
a non{smooth open set, then the ruial limit relation (2.9), whih in turn is based
on Lemma 2.4, is no longer valid. To see this, take 

1
:= C nf 1; 1g and 

2
:= D , so


1
\ 

2
= D and



1
\

2
(z) = 
D
(z) =
2
1  jzj
2
;
On the other hand, it is known (see [17℄) that
lim
z!1

Cnf 1;1
(z)jz   1j log
 
1
jz   1j
!
= 1 :
Hene,
lim
z!1



1
(z)



1
\

2
(z)
= lim
z!1

Cnf 1;1g
(z)

D
(z)
= 0 :
It would be interesting to see whether the regularity onditions imposed on the
boundary set   in Lemma 2.4 an be onsiderably weakend.
3 Concluding remark
We onlude this paper by noting that Theorem 1.1 and Theorem 2.1 remain valid,
for subdomains (or open subsets) of a Riemann surfae sine it makes sense to speak
of the value of the quotient of two onformal metris at a spei point on a Riemann
surfae, see again [17℄. Hene the \Riemann surfae version" of Theorem 1.1 takes
the following form.
Theorem 3.1
Let R be a Riemann surfae and let 

1
;

2
 R be domains suh that 

1
\

2
6= ;
and 

1
[ 

2
is hyperboli. Then



1
(z)  


2
(z)



1
[

2
(z)  


1
\

2
(z)
 1 for all z 2 

1
\ 

2
:
If equality holds for one point z 2 

1
\ 

2
, then 

1
 

2
or 

2
 

1
. In this
ase, equality holds for all points in 

1
\ 

2
.
The proof is almost idential to the proof of Theorem 1.1 with obvious modiations.
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